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Abstract
Wepropose amethod—a quantum timemirror (QTM)—for simulating a partial time-reversal of the
free-spacemotion of a non-relativistic quantumwave packet. Themethod is based on a short-time
spatially homogeneous perturbation to thewave packet dynamics, achieved by adding a nonlinear
time-dependent term to the underlying Schrödinger equation.Numerical calculations, supporting
our analytical considerations, demonstrate the effectiveness of the proposedQTM for generating a
time-reversed echo image of initially localizedmatter-wave packets in one and two spatial dimensions.
We also discuss possible experimental realizations of the proposedQTM.
1. Introduction
The question of how to invert the time evolution of awave, classical or quantum, in an efﬁcient and controllable
way has both fundamental and practical importance. The fundamental aspect of the question is evident from its
connectionwith the problemof unidirectionality of the arrow of time, conceived in a seminal 19th century
debate between Loschmidt andBoltzmann [1, 2]. The practical importance is apparent fromnumerous
applications inmedicine, telecommunication,material analysis, and,more generally, wave control [3–7].
One fruitful approach to the time inversion of classical wavemotion is based on the concept of a time-
reversalmirror: an array of receiver-emitter antennas is used toﬁrst record an incident wavefront, originating
say from a localized source, and then to rebroadcast a time-inverted copy of the recording, thus generating a
wave that effectively propagates backward in time and refocuses at the source point. To date, time reversal
mirrors have been successfully implementedwith acoustic [8, 9], elastic [3], electromagnetic [10], andwater
waves [11, 12].
The classical procedure at the heart of such time-reversalmirrors, i.e. a continuousmeasurement and a
subsequent reinjection of the signal, cannot be directly applied to quantum systems. The fundamental obstacle
here is that anymeasurement performed on a quantum system is bound to perturb the quantum state and
consequently affects its time evolution. (A theoretical scenario inwhich a time-dependent wave function is
measured, recorded and then ‘played back’ by a perfect non-invasive detector-emitter has been analyzed in
[13, 14]). An alternative approach tomanipulate the propagation of waves relies on non-adiabatic perturbations
to the systemdynamics, such as an instantaneous change of its boundary conditions [15–22]. Protocols of this
kindwere considered for time- and space-modulated one-dimensional photonic [23–25] andmagnonic crystals
[26, 27].More recently, Bacot et alput forward and experimentally realized an instantaneous timemirror for
gravity-capillary waves, requiring a sudden but homogenousmodulation of waterwave celerity [7]. Such
approaches bypass the recording procedure, and are thus very appealing for quantum systems. A speciﬁc time-
reversal protocol, albeit valid in a very narrowmomentum range, was indeed devised for a one-dimensional
periodically kicked optical lattice [28] and realized in a 87RbBose–Einstein condensate (BEC) [29]. On the other
hand, an instantaneous quantum timemirror (QTM) forDirac-like systems (exploiting their spinor structure)
was recently proposed in [30].
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In this paper, we propose and investigate an experimentally realizablemethod for simulating the time-
reversal of the free-spacemotion, thusmimicking a nonlinearQTM, for a spatially extended (orbital) quantum-
mechanical wave function, such as a BEC cloud. The approach relies on generating a short-time spatially
uniformperturbation to thewave packet dynamics that corresponds to an additional nonlinear term added in
the Schrödinger equation; in a BEC cloud system, such a perturbation can be realized using established
experimental techniques allowing to tune the strength of the interaction among the cloud atoms [31, 32].More
precisely, ourQTMprotocol comprises three stages: (i) amatter-wave packet propagates freely in space for a
time 0<t<t0; (ii) at t=t0, a strong nonlinear perturbation is switched on globally for a short period δt,
leading to a near-instantaneousmodiﬁcation of the position-dependent phase of thewave function; (iii) the
perturbation is switched off, thewave function evolves freely again, and at a time techo>t0+δt an ‘echo’ signal
of the original wave packet is observed. From the conceptual viewpoint, the nonlinearQTMproposed in this
paper can be viewed as a quantum-mechanical counterpart of the instantaneous timemirror for gravity-
capillarywaves by Bacot et al [7].
The paper is organized as follows. In section 2, we describe the physical principle underlying the proposed
QTM.Two concrete scenarios for generating a time-reversedmotion ofmatter waves in one and two spatial
dimensions are analyzed in section 3. A summary, concluding remarks, and a discussion of the feasibility of an
experimental realization of the proposedQTMare presented in section 4. Technical calculations are deferred to
an appendix.
2. Physical principle of a nonlinearQTM
Weaddress the time evolution of amatter-wave packet Y( )tr, , subject to the initial condition Y = Y( ) ( )r r, 0 0 ,
in accordancewith the (D+1)-dimensional nonlinear Schrödinger equation
  l¶Y¶ = -  Y + - Y Y( )∣ ∣ ( )t m f t ti 2 . 1
2
2
0
2
Here,m is the atomicmass,λ quantiﬁes the nonlinearity strength, and t0 denotes the time aroundwhich the
nonlinear term representing interaction effects is switched on. The function f (ζ) is sharply peaked around ζ=0
and is chosen to satisfy the normalization condition ò z z =-¥
+¥ ( )fd 1.We take f to be a δ-function in our
analytical calculations and aGaussian peak z = pD -
z
D( )f e
t
1
2
t
2
2 2 in all numerical simulations. The pulse length
Δt=t0 will be taken as 0.001t0 and 0.0025t0 in one and two-dimensions, respectively.
Wave packet dynamics in the presence of an inﬁnitesimally short nonlinear kick, f (ζ)=δ(ζ), can be
described as follows. Rescaling t t t0 , r rtm0 , Y  Y( )mt D 40 , and  l l ( )tm D 20 , wewrite the
nonlinear Schrödinger equation in a dimensionless form as
ld¶Y¶ = -  Y + - Y Y( )∣ ∣ ( )t ti
1
2
1 . 22 2
The evolution of thewave function from Y ( )r0 at t=0 to its value Y = Y =- -( ) ( )tr r, 1 right before the kick is
given by
òY = ¢ - ¢ Y ¢-( ) ( ) ( ) ( )K tr r r r rd , , 3D 0
where the integration runs over the inﬁniteD-dimensional space, and p= -( ) ( ) [ ∣ ∣ ( )]K t t tq q, 2 i exp i 2D 2 2 is
the free-particle propagator. The nonlinear kick results in an instantaneous change of thewave function from
Y-( )r at t=1− to
Y = Y l+ - - Y-( ) ( ) ( )∣ ( ) ∣r r e 4ri 2
at = +t 1 . Indeed, during the time interval < <- +t1 1 , thewave function transformation is dominated by the
second term in the right-hand side of equation (2), and effectively governed by the differential equation
l d= - Y -¶ Y¶ -∣ ( )∣ ( )
( ) tri 1t
t
rln , 2 , the solution of which is given by equation (4). After the kick, thewave function
evolves freely, so that òY = ¢ - ¢ Y ¢+( ) ( ) ( )t K tr r r r r, d ,D for all times >t 1.
As evident from equation (4), the instantaneous nonlinear kick alters the phase of thewave functionwithout
producing any probability density redistribution, so that r º Y = Y+ -( ) ∣ ( )∣ ∣ ( )∣r r r2 2. The phase change
however affects the probability current, whose dimensionless expression reads *= Y Y( ) [ ( ) ( )]t t tj r r r, Im , , .
A straightforward evaluation of the current right after the kick, *= Y Y+ + +[ ]j Im , yields
lr r= + D D = - + - ( )j j j jwith , 5
where *= Y Y- - -[ ]j Im is the probability current immediately preceding the kick. This in turnmeans that, by
properly tuning the kicking strengthλ, thewave propagation direction can be reversed for those parts of the
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matter wave forwhich the vector∇ρ is aligned (or anti-aligned)with -j . Belowwe show that in geometries
accessible in atom-optics experiments this reversal effect is robust andwell-pronounced.
3. TheQTMatwork
As ourﬁrst example, we consider the case of the initial state given by a 1DGaussianwave packet,
ps sY = - +
- ⎛
⎝⎜
⎞
⎠⎟( ) ( ) ( )x
x
kxexp
2
i , 60 2 1 4
2
2
characterized by the dimensionless real spatial dispersionσ and averagemomentum k. The correspondingwave
function at time t=1− is obtained from equation (3) and reads (up to a position-independent phase factor)
p s s x s xY = + - + +- - -( ) [ ( )] [ ( ) ]x kexp 2 i i2 2 1 4 2 2 with x = -x k denoting the distance from thewave
packet center. Thus, the probability density at t=1 is r x s ps= -( )exp 2 12 1, where s s s= + -1 2 2 is the
dispersion of thewave packet at the time of the kick. The probability currents before and after the kick are,
respectively, r= + xs s- ( )j k 2 12 and = + D+ -j j j, with rD = lxsj 2 212 . Theminimal kick strength lmin
necessary for reversing the direction ofmotion of (and effectively reﬂecting) a part of thewave packet can be
estimated by requiring j+= 0 at ξ=−σ1. In the case of a fastmovingwave packet, such that s sk 1 2 1, this
estimation yields
l s s+ ⎜ ⎟
⎛
⎝
⎞
⎠ ( )Ck
1
7min 2 2
with p= C e 2 2.4. Then, given a kicking strength l l> min, the time techo at which the reﬂected part of
thewave packet reaches its initial position, leading to a partial echo of the original wave packet, can be evaluated
as follows. The velocity of the reﬂectedwave is - = -x s ls
l
l+ =-  ( )∣k j k k1Crev 1 12 min , and the revival
occurs when - =∣ ∣( )k t k1rev echo or, correspondingly, at
l
l l= - ( )t . 8echo min
The numerical simulations are based on thewave packet propagation algorithm, Time-dependentQuantum
Transport [33]. The state is discretized on a square grid and the time evolution is calculated for sufﬁciently small
time steps such that theHamilton operator can be assumed time independent for each step.We calculate the
action ofH onψ in amixed position andmomentum-space representation by the application of Fourier
Transforms.With this a Krylov Space is spanned, which can be used to calculate the time evolution using a
Lanczosmethod [34].
The echo strength is quantiﬁed by the norm correlation between the initial and the time propagatedwave
packet deﬁned as [35]
 ò
ò ò
= Y Y
Y Y
( )
∣ ( )∣ ∣ ( )∣
∣ ( )∣ ∣ ( )∣
( )t
t
t
r r r
r r r r
d ,
d d ,
. 9
D
D D
0
2 2
0
4 4
In contrast to other possiblemeasures of the echo strength, such as ﬁdelity, the norm correlation is easily
accessible in experiments on quantum systemswith continuous degrees of freedom, e.g., atomoptics
experiments. Figure 1(a) presents ( )t for various pulse strengthsλ at constantσ and k, demonstrating echo
strengths up to 60%. The occurring lower peaks at higherλ for larger times are due secondary peaks of the
distortedwave packet, which can be seen inﬁgure 1(b): this panel shows the spatial probability density r y= ∣ ∣2
at times t=0 (black dashed curve) and t= 0.99 (immediately before pulse, black dashed–dotted curve), as well
as the reﬂectedwave packets for differentλ′s (color code as in panel (a)), each shown at its peak echo time. In the
lower plot, the current density j is shown directly after the pulse t= 1.01. Parts of thewave packet with negative
current densitymove backwards leading to the echo. For the parameters used, the estimated value for the
minimal pulse strength in (7) is l  20min corresponding to the red curve, whose current density exhibits only a
vanishing negative part that is insufﬁcient for echo generation, thus verifying the prediction (7).
To explore the parameter space for the possibility of achieving echoes, the peak of the norm correlation (in
time) is plotted as a function ofλ andσ inﬁgure 1(c) and as a function ofλ and k inﬁgure 1(d). The black curve
shows the analytic approximation (7) of theminimal pulse strength lmin. Although it does notﬁt perfectly, the
analytic approximation is in good agreement and still well-suited to approximate theminimal pulse strength
required for a time-reversal.
In order to better understand the quality, underlying principles and limitations of the proposedQTM, it is
instructive to compare the stateΨ+, rendered by the nonlinear kick (see equation (4)), against the desired
(perfectly time-reversed) state Y-, obtained by applying the (anti-unitary) complex conjugation operator  to
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the pre-kick stateΨ−. In the case of the initial state given by equation (6), we have
f lpsY = Y =
f x s+ - - - ( )( )e , e 10i
1
1
2
and
 j xs s xY = Y = +
j j- - - +
⎛
⎝⎜
⎞
⎠⎟ ( )
( ) ke , 2 , 11i
1
2
0
where s s s= + -1 2 2 is thewidth ofwave packet at time t=1when the kick occurs, ξ=x−k is the distance
measured from the center of thewave packet, andj0 is a constant (position-independent) phase related to the
global phase ofΨ−.While, in general, the two phases,f andj, have different functional forms,f(ξ)may serve as
a reasonable approximation toj(ξ), modulo a physically irrelevant constant shift, over aﬁnite position interval.
It is the probability density supported by this position interval thatmakes themain contribution to the time-
reversedwave generated by the nonlinearQTM. Figure 2 presents a comparison between the ideal (target) phase
j(ξ) and the phasef(ξ) imprinted by the proposedQTM.The systemparameters are taken to be the same as in
ﬁgure 1(a), i.e.σ=1 and k=4, and the three values of the kicking strength considered areλ=30, 40, and 50.
We further investigate the dynamics of a 2Dwave packet, initially given by
p s sY = -
- +⎡⎣⎢
⎤
⎦⎥( )
( ) ( )
R
r R
krr
1
2
exp
2
i 120 3 2
2
2
with = ∣ ∣r r and >k 0. For sR , thewave function is normalized to one and describes aGaussian ring of
radiusR andwidthσ that spreads radially with the average velocity k. A straightforward, although tedious,
calculation shows that, in the parametric regime deﬁned by s  R1 and kR 1, thewave packet at = -t 1
Figure 1.Echo of a 1DGaussianwave packet subjected to a short, nonlinear pulse. All quantities are dimensionless according to the
rescaling in the text above equation (2). (a)Norm correlation, equation (9), as a function of time for various pulse strengthsλ of a kick
at t=1 atﬁxedwave packet widthσ=1 andmomentum k=4, yielding echoes up to 60%. (b)Upper panel: real space probability
density r y= ∣ ∣2 at t=0 (black dashed curve), t= 0.99 (just before pulse, black dashed–dotted curve), and at the peak echo times
(colored curves, color code as in (a)). Notice that the latter depend onλ, as evident from (a). Lower panel: current density j at t=0
(black dashed curve) and t= 1.01 (right after the pulse, color code as in (a)). A negative current density indicates the part of thewave
packet reversing its propagation direction thereby causing the echo. Theminimal kicking strength for the used parameters, as
predicted by equation (7), is l  20min (red curve); the associated negative current density is not sufﬁcient for echo generation. Panels
(c) and (d) show the echo strength, i.e. themaximal achieved value of the norm correlation after the pulse for a given parameter set.
The parameter, which is kept constant is (c) k=4, (d)σ=1. The black curves are the analytical approximations (equation (7)) for the
minimal pulse strength lmin required to generate an echo andmatches well the numerical results.
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has the form (up to a spatially uniformphase) (see appendix):
p s sY -
- +- 
⎡
⎣⎢
⎤
⎦⎥( )
( ) ( )
R
r R
krr
1
2
exp
2
i , 13
3 2
1
1
2
2
whereR1=R+k is the radius of theGaussian ring at time -1 . (Essentially, equation (13) corresponds to a
short-time approximation of the ring-shapedwave packet at the kick time, and is valid in the parametric regime
inwhich the dispersive widening of the ring is negligible.)Thus, the corresponding probability density is given
by r p s s= - --( ) [ ( ) ]R r R2 exp3 2 1 1 1 2 2 , and the probability current at = +t 1 , reads
r r= + l s+
-( )( )kj r R rr2 212 . Then, the evaluation of theminimal kick strength required to trigger a probability
density echo proceeds in close analogywith the corresponding 1D calculation, resulting in
l p s+ ( ) ( )C R k k2 . 14min 2
Finally, just as in the 1D case, the echo time is determined by equation (8).
The numerical calculations (ﬁgure 3) attest the possibility of pronounced echoes up to 90%also in the 2D
setup. Although the parameter range is not in the regime of the analytical approximation, the value of lmin in
equation (14) is still well-suited to estimate theminimal pulse strengthλ required (see black curves).
The color plots inﬁgures 1 and 3 seem to imply l l> min (marked as black lines) to be the only echo
requirement for echo generation.However for largeλ thewave packet splits intomany peaks, as shown in
ﬁgure 1(b), blue curve forλ=200. In such a scenario the norm correlation is still fairly high, but thewave
packetmight not longer have the desired shape. The effect ofmany peaks, i.e. very largeλ, on the norm
correlation can be seen inﬁgure 3(c), where the echo strengthmoderately declines forσ≈1 andλ>3000.
4. Summary and conclusions
In summary, we have proposed a protocol for simulating the time-reversedmotion of a localizedmatter-wave
packet evolving in free space.Ourmethod is based onmaking a near-instantaneous spatially homogeneous
perturbation to thewave packet dynamics by externally switching on a nonlinear perturbation for a short time
interval. The analytical and numerical considerations presented in our paper demonstrate the efﬁciency of the
proposedQTM in one and two spatial dimensions.
We note that the time reversal protocol proposed in this paper could in principle be employed in different
physical systems, such as ultracold atomic clouds, optical pulses, or shallowwater waves, as long as the system’s
time evolution is governed by the nonlinear Schrödinger equation.Here, we further explore the possible
connection between the numerical simulations reported in this paper and relevant atom-optics experiments. To
this end, we provide an estimate for values of the dimensionless parametersσ and k, deﬁned in equations (6) and
(12), for the case of ultracold lithium atoms. Themass of a 7Li atom is = = ´ -m 7.016 u 1.165 10 kg26 .
Taking thewave packet propagation time until the nonlinear kick to be t0=10 ms, we see that thewave packet
Figure 2.Comparison between theQTM-imprinted phasef(ξ) (shifted by a physically irrelevant constant) and ideal-time-reversal
phasej(ξ), as given by equations (10) and (11), respectively. The systemparameters are the same as inﬁgure 1(a):σ=1 and k=4.
Three different values of the kicking strength are considered:λ=30 (orange curve),λ=40 (green curve) andλ=50 (cyan curve).
(The color code coincides with the one adopted inﬁgure 1(a).)
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width range of 10–50 μmcorresponds to 1.05<σ<5.26, and themean velocity range of 2–10 mm s−1
corresponds to 2.1<k<10.5. These parameter ranges coincide with the ones considered in this paper, which
strongly suggests that thematter wave reversal effects predicted here can be realized in experiments with
lithiumBECs.
In order to further facilitate experimental realization of the proposedQTM,wemake a rough estimate of the
scattering length of condensed lithium atoms required to generate a reﬂectedwave. In the one-dimensional case,
the (dimensional) kicking strength  l Dt m t0 (see the discussion preceding equation (2)) is
approximately equal to  ^( )N a ma2 s2 2 , whereN is the number of condensed atoms, as is the scattering length,
Δt is the kick duration (taken to be mD = =t t0.001 10 s0 in our numerical simulations), and a⊥ is the linear
length scale of the potential conﬁning the atomicmotion in the transverse direction [36]. This yields the estimate
l= D^ ( )a a mt N t2s 2 0 . TakingN=107, m=a^ 10 m, andλ in the range 10–200 (see, e.g.,ﬁgure 1), we
ﬁnd the required scattering length to lie in the range  n a n5 m 105 ms .While challenging, the suggested
parameter values are not impossible to achieve inmodern atom-optics experiments, using, for instance, such
novel techniques as optical control of Feshbach resonances [37].
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Figure 3.Echo of a 2DGaussianwave packet subjected to a short, nonlinear pulse. (a)The norm correlation (9) is shown as function of
time for varying pulse strengthλ andﬁxedmomentum k=4 andwidthσ=2. A norm correlation up to 90% is achievable. Note that
the largeλ values are due to the variable rescaling as described in the text. (b)–(d)The echo peak of the norm correlation is plotted as a
function ofλ,σ and k. The constant parameters are (b)σ=2, (c) k=4 and (d)λ=3000. The black curves are the analytical
approximations by equation (14) for theminimal pulse strength lmin required to generate an echo. The radius of theGaussian ring, is
R=6.
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Appendix. Free spreading of aGaussian ringwave packet in 2D:Derivation of
equation (13)
Let us consider a two-dimensional wave packet, initially (at t=t0) given by
sY = -
- + -⎛⎝⎜
⎞
⎠⎟( )
( ) ( )C r R k r Rr exp
2
i0
2
2 0
with = = +∣ ∣r x yr 2 2 , s  R, >k 00 and p sC R1 2 3 2 , so that the probability density is normalized
to unity. Let Y( )tr, be thewave packet evolved from Y ( )r0 in the course of a free-particle evolution through
time t. Here, wewould like to show that in the parametric regime given by  s t m R and k R 10 the
wave packetΨ has the same functional dependence on r asΨ0.
The free-particle propagator in 2D reads
 p¢ =
- ¢⎛
⎝⎜
⎞
⎠⎟( )
( )
K t
m
t
m
t
r r
r r
, ,
2 i
exp i
2
.0
2
Hence,
 
 
òp s
s
Y = ¢ - ¢ - + ¢ - + - ¢
= - - +
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
( ) ( ) ( ) ( )
( )
t
mC
t
r R
k r R
m
t
mC
t
R
k R
mr
t
G r t
r r
r r
,
2 i
d exp
2
i i
2
i
exp
2
i i
2
, ,
2
2
2 0
2
2
2 0
2
where
 ò s s= ¢ ¢ ¢ - - ¢ + + ¢
¥
⎜ ⎟ ⎜ ⎟
⎛
⎝⎜
⎞
⎠⎟
⎡
⎣⎢
⎛
⎝
⎞
⎠
⎛
⎝
⎞
⎠
⎤
⎦⎥( )G r t r r J
mrr
t
m
t
r
R
k r, d exp
1
2
1
i i .
0
0 2
2
2 0
Let us investigate the behavior of ( )G r t, around the spatial point +R tk
m
0 . Taking into account the fact that
themain contribution to the integral comes from the region  s¢ -∣ ∣r R , we have
 


¢ ~ + = + >⎜ ⎟⎛⎝
⎞
⎠
mrr
t
mR
t
R
k
m
t
mR
t
k R k R.0
2
0 0
Assuming k R 10 , we see that the argument of the Bessel function is always large compared to one, i.e.

¢  1mrr
t
. This allows us to use the large argument asymptotics,


 p
¢
¢ +
- - -p p¢ ¢⎛⎝⎜
⎞
⎠⎟ ( ) ( )[ ]J
mrr
t
t
mrr2
e e ,0 i i
mrr
t
mrr
t4 4
in order towrite
 p sY - - + F + F+ -
⎛
⎝⎜
⎞
⎠⎟( ) [ ( ) ( )]t
C mR
tr
R
k R
mr
t
r t r tr,
i 2
exp
2
i i
2
, , .
2
2 0
2
Here,
 



ò s s
p
F = ¢ ¢ - - ¢ + +  ¢
-
+ 
-s
s
s
 -¥
+¥p
p


⎜ ⎟ ⎜ ⎟
⎧⎨⎩
⎛
⎝
⎞
⎠
⎡
⎣⎢
⎛
⎝
⎞
⎠
⎤
⎦⎥
⎫⎬⎭
⎡⎣ ⎤⎦( )
( )
( )r t r r
R
m
t
r
R
k
mr
t
r
k
, e d exp
1
2
1
i i
e
2
i
exp
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Introducing
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we rewrite the previous expression as
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This leads to
 



 
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Assuming further that   1, we have
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Taking into account that the last expression forΨ is only valid for r close to rt, where
= + = +r R v t R k t
m
,t 0
0
we see that a contribution of the termwith γ=+1 is negligibly small. Thuswe arrive at the sought
approximation for the freely propagatedwave function:

p s sY -
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k r r
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This expression is only valid in the parametric regime deﬁned by
 s  t
m
R k Rand 1.0
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